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Ever feel like everyone’s more 
popular than you?

So there may be times when you feel alone, probably because your 

friends are talking with their other friends that doesn’t include you?

Let me tell you, everyone feels that in some point of their lives. 

Probably because of the false-lens of social media or because 

you’re being too judgemental on yourself, whatever it is, it’s not a 

big deal.

That’s probably not because you’re not likable, and I’m here to 

make you feel a bit better by saying it’s…. Absolutely TRUE !



What? Really? How? 

See I don’t want to make you feel bad or just give you a psychology lesson on why you shouldn’t 

feel that way, but to show it, or rather mathematically prove it’s existence.

This is what’s called the Friendship paradox, which says that on average, an individual's friends 

have more friends than that individual. I will first explain the model with an example and leave it 

for you to find the truth behind it.



An Example: A Friend Network

We Calculate the number of friends of 

each person and take their average.

Anila

Ritwik

Devi

Ashok Nikhil

Mei



An Example: Listing out Friends

Anila

Ritwik

Devi

Ashok Nikhil

Mei

Name Number of 

friends

Anila 5

Devi 2

Ashok 2

Nikhil 3

Ritwik 3

Mei 3

Total : 18



An Example: Calculating average 
    number of friends

Name Number of 

friends

Anila 5

Devi 2

Ashok 2

Nikhil 3

Ritwik 3

Mei 3

Total : 18

Average number of friends

=
Total number of friends

Number of people having friends

=
18

6
 = 3



An Example: Listing out Friends 
    of friends

Devi: I have 2 friends, 

Anila and Ashok

Anila 5

Ashok 2

Total: 7



An Example: Averaging out  
     Friends of friends

Names Friends (No. of friends) Average

Anila (5) Devi (2) + Ashok (2)

+ Nikhil (3) + Ritwik (3) 

+ Mei (3)

2.6

Devi (2) Anila (5) + Ashok (2) 3.5

Ashok (2) Anila (5) + Devi (2) 3.5

Nikhil (3) Anila (5) + Ritwik (3) + 

Mei (3)
3.6

Ritwik (3) Anila (5) + Ritwik (3) + 

Mei (3)
3.6

Mei (3) Anila (5) + Ritwik (3) + 

Mei (3)
3.6

Total Average (initially 3): 4.08



An Example: Averaging out  
     Friends of friends

Names Friends (No. of friends) Average

Anila (5) Devi (2) + Ashok (2)

+ Nikhil (3) + Ritwik (3) 

+ Mei (3)

2.6

Devi (2) Anila (5) + Ashok (2) 3.5

Ashok (2) Anila (5) + Devi (2) 3.5

Nikhil (3) Anila (5) + Ritwik (3) + 

Mei (3)
3.6

Ritwik (3) Anila (5) + Nikhil (3) + 

Mei (3)
3.6

Mei (3) Anila (5) + Ritwik (3) + 

Nikhil (3)
3.6

Total Average (initially 3): 4.08

Average Number of friends 
of Friends 

=
Total Number of friends of all friends

Total Number of friends



An Example: Calculation

=
2+2+3+3+3 + 5+2 + 5+2 + 5+3+3 + 5+3+3 + 5+3+3

18

=
5×5+3 3×3 +2(2×2) 

18
=

60

18
≈ 3.34 > 3 (Prev. obtained Avg.)

Devi, Ashok

Anila

Ritwik, Nikhil, Mei

Total Number of 

friends of everyone



This was just a show..

Yeah but we learnt a few things from it right?

1) Like how the popular friends (for eg. Anila in this case) contribute more to the weighted 

average. 

2) Also NOTE: This paradox speaks only for the average population and is not true for every 

person. For eg: Take the person with most number of friends (exists!, say 𝑛), and when taken 

his/her friends avg. number of friends it has to be less than 𝑛 (since it’s the maximum).

Now its our turn to prove it mathematically.



Mathematical formulation: 
Modelling out the Problem

To tackle this model, we use the concept of simple undirected graphs.

Consider every friend as a node (or vertex). Now we 

assume friendships are mutual, i.e., if 𝐴 is a friend of 

𝐵 then 𝐵 is also a friend of 𝐴. So we can represent it 

as an undirected edge between 𝐴 and 𝐵. 

Hence we have the network as a Graph 𝐺 = 𝑉, 𝐸 , 

where 𝑉 is the set of all friends and 𝐸 is the set 

representing the friendships between them.

𝐺 = 𝑉, 𝐸



Mathematical formulation: 
Average #Friends 𝜇

Firstly, let’s find the average number of friends. We 

call the it the mean 𝜇 .

Ideally, we go to every friend and count their number 

of friends, i.e. here we take the summation over the 

degrees of every vertex.

Mathematically,  𝜇 =
σ𝜈∈𝑉 ⅆ 𝑣

𝑉
 

𝐺 = 𝑉, 𝐸



Claim: σ𝑣∈𝑉 d 𝑣 = 2 𝐸

Take any general graph 𝐺, name the edges according 

to the conventions.

Now, while counting the degree of say vertex 𝑎, we 

take the edge 𝑎𝑐 into consideration once. We take 

the edge 𝑎𝑐 into consideration again while counting 

the degree of vertex 𝑐.

Drawing an injective map from degrees of every 

vertex and the edges in the graph, we find it maps to 

every edge exactly twice.

Hence  σ𝑣∈𝑉 d 𝑣 = 2 𝐸

𝐺 = a, b, c, d , {𝑎𝑎, 𝑎𝑏, … , 𝑐𝑑}



Mathematical formulation: 
Average #Friends of friends 𝜇𝑓

Secondly, let’s find the average number of friends of 

the friends. We call the it the friends’ mean 𝜇𝑓 .

Ideally, we go to every friend, then to every friend of 

that person and count their number of friends, i.e. 

here we take the double summation over the degrees 

of the neighbouring vertices of every vertex.

Mathematically, 𝜇𝑓 =
σ𝑣∈𝑉 ෌

𝑢∈𝑁 𝑣 ∗
ⅆ(𝑢)

෌
𝜈∈𝑉

ⅆ(𝑣)

 

𝐺 = 𝑉, 𝐸

*𝑁(𝑣) means the neighbourhood of 𝑣, i.e. 𝑢: 𝑢𝑣 ∈ 𝐸



Claim: σ𝑣∈𝑉 ෌
𝑢∈𝑁(𝑣)

𝑑(𝑢) = ෌
𝑣∈𝑉

𝑑 𝑣 2

Take any general graph 𝐺, name the edges according 

to the conventions.

Let’s write out the LHS. We consider 𝑎’s friends (i.e. 

add 𝑑 𝑎 ) when we count for 𝑑, 𝑏, 𝑐 – who have 𝑎 as 

a friend. Therefore 𝑑 𝑎  is summed once for all 

friends of 𝑎, i.e. 𝑑 𝑎  times.

Since for all vertices 𝜈, we add 𝑑 𝑣  times 𝑑 𝑣 ;
Hence 

෍

𝑣∈𝑉

෍

𝑢∈𝑁(𝑣)

𝑑(𝑢) = ෍

𝑣∈𝑉

𝑑 𝑣 2

 

𝐺 = a, b, c, d , {𝑎𝑎, 𝑎𝑏, … , 𝑐𝑑}



Mathematical formulation: 
Comparison

𝜇 =
2 𝐸

𝑉
, 𝜇𝑓 =

𝛴𝜈∈𝑉 𝑑 𝑣 2

2 𝐸

Now, we have the 2 results, but we need to make some changes if we want to compare them.

Motivation: we notice the term 𝑑 𝑣 2 in the numerator of 𝜇𝑓, which makes us think, how to we 

manipulate to make the quadratic term disappear to that is it comparable to 𝜇? 

And it clicks, we need to introduce the Variance (𝝈𝟐). 



Mathematical formulation: 
Variance #Friends 𝜎2

Variance can be described as “a measure of dispersion”, i.e. how far a set of numbers is spread 

out from their average value. We use the standard formula here:

𝜎2 =
𝛴𝜈∈𝑉 ⅆ 𝜈 −𝜇 2

𝑉
=

𝛴𝜈∈𝑉 (ⅆ 𝑣 2−2ⅆ 𝑣 𝜇+𝜇2)

𝑉

            =
𝛴𝜈∈𝑣 ⅆ 𝜈 2

𝑉
− 2𝜇

𝛴𝜈∈𝑉 ⅆ 𝜈

𝑉
+ 𝜇2 σ𝑣∈𝑉 1

𝑉

   =
𝛴𝜈∈𝑣 ⅆ 𝜈 2

𝑉
− 2𝜇 × 𝜇 + 𝜇2 ×

𝑉

𝑉



Mathematical formulation: 
Variance #Friends 𝜎2  

⇒ 𝜎2 =
𝛴𝜈∈𝑣 𝑑 𝜈 2

𝑉
− 2𝜇2 + 𝜇2 =

𝛴𝜈∈𝑣 𝑑 𝜈 2

𝑉
− 𝜇2

  ⇒ 𝜎2 + 𝜇2 =
𝛴𝜈∈𝑣 ⅆ 𝜈 2

𝑉

  

⇒ 𝜎2 + 𝜇2 𝑉 = 𝛴𝜈∈𝑣 𝑑 𝜈 2

… and we substitute this value into the term 𝜇𝑓 



Mathematical formulation: 
Comparison by substitution

∴ 𝜇𝑓=
𝛴𝜈∈𝑉 𝑑 𝑣 2

2 𝐸
=

𝜎2 + 𝜇2 𝑉

2 𝐸
=

𝜎2 + 𝜇2

𝜇
= 𝜇 +

𝜎2

𝜇

(Hence Proved)⇒ 𝜇𝑓 = 𝜇 +
𝜎2

𝜇
≥ 𝜇

… phewww, that was too much at once.



Understanding the Math.

It’s to say, kind of a sampling bias rather than a paradox, which is what we call an error of 

statistical calculation.

Similarly, its proven in various other cases, such as people’s romantic partners tend to have more 

romantic partners in average, people’s research collaborators tend to have more collaborators in 

average than them but strangest of all, people’s enemies have more enemies in average…

Let me give you an example of Sampling Bias to make it more understandable…



https://college.harvard.edu/resources/faq/how-large-are-classes


Sampling Bias: An example

Take 5 Classes, say A1 to A5, with class sizes say 1 each for first four and 96 for the last one.

Average class size =
1+1+1+1+96

5
= 20

Even though the class mean is 20, we see about 96% of people are in a class size of 96! 

This is because, weighted average class size =
4(1)+96(96)

100
= 92.2

Correcting Harvard’s class size, their new average is 73.4 – which makes it an 232% increase! 

DON’T BE FOOLED BY STATISTICS!!

Sourced from here

https://kylegiddon.medium.com/why-colleges-average-class-size-statistics-are-misleading-and-how-to-fix-them-f00a59668695


Sampling Bias: Methodology 

This is not a new phenomenon, we always compare ourselves with people who are more advanced 

in the field of comparison, we say our comparison dataset is biased.

Say when we get to a premier institute, we still compare us with the people who top the exams or 

competition there, or say when we play sports, we compare ourselves to the people who are better 

than us – missing out on the randomness of the dataset. We leave out the people who are just 

learning the sport, for them we lie in the “comparable dataset”.

Now I’m not here to say if that’s wrong or right, but that’s what happens in the friendship paradox. 

We make friends with those who are more “popular”, “likable” or “friendly”. An introverted person, 

in general, might not have that many friends, or in this case, might not be friends with you. So your 

“friends dataset” is biased.





An Application: SuperSpreaders

In the recent past, during a flu outbreak, Scientists started tracking 2 

groups of people. 

One was a random set of people, and other was the group of their friends.

It was found that, the second group of people (being more popular), are 

more likely to catch the flu early on, and then spread to more people, due 

to their high number of connections.

The study went as expected, the ‘Superspreaders’ caught the flu about 2 

weeks (on average) earlier than the first group, thus giving us a method to 

catch disease outbreak and counter it faster.
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